A Generalization of Inject ive 
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Abstract 

In this paper it is given a generalization of projective and injective 
complexes. 

1 Introduction 

Definition 1.1 (PC — complex ) Let PC be a class of R-modules. A 
complex C : ... — ► C 11 ' 1 — ► C n — > C n+1 — ► ... is called an 
PC — (cochain) complex, if C % £ PC for alii G Z. A complex C : . . . — > 
C n _|_i — > C n — > C n _i — > . . . is called an PC — (chain) complex, if 
Ci G PC for all i € Z. The class of all PC — complexes is denoted by 
C{PC*).(PC* = PC -complex). 

Definition 1.2 (PC — injective and PC — projective module) A left 
R-module E is PC — injective, if Ext 1 (B j 'A,E) = where for every 
module B j A G PC , whenever i is an injection and f is any map, there 
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exists a map g making the following diagram commute; 



E 

> 

A — — B 

Let a left R-module P is projective if, Ext 1 (P, X) = for every mod- 
ule X € X where X = Kerp, whenever p is surjective and h is any 
map, there exists a map g making the following diagram commute; 



A 



B 



Definition 1.3 (X-precover, X — preenvelope ) Let A be an abelian 
category and let X be a class of objects of A. Then for an object 
M € A, a morphism (j) '■ X — > M where X £ X is called an X- 
precover of M, if f : X' — > M where X' £ X and the following 
diagram; 

X' — f — M 




X 
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can be completed to a commutative diagram. 

Let A be an abelian category and let X be a class of objects of A. 
Then for an object M G A a morphism (ft : M — > X where X G X 
is called an X -preenvelope of M , if f : M — > X' where X' € X 
and the following diagram; 

M — f -~ X' 




can be completed to a commutative diagram. 

Every complex has an injective and projective resolution. In this paper 
Ext is defined the same as the class of R-modules.(See [3]) 



2 X — infective and X — projective com- 
plexes 

Definition 2.1 (X — injective and X —projective complexes) A com- 
plex C is called an X — injective complex, if Ext l (Y/ X,C) = where 
for every complex Y/X € C(X). Thus the following diagram com- 
mutes as follows; 
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c 







X 



Y 



such that f4> = f where <p is a monomorphism. 

Dually we can define an X — projective complex. A complex C 
is called an X — projective complex, if Ext 1 ^, X) = for every 
complex X £ C(X) where Kercp = X £ C(X). By diagram we can 
show as follows; 



C 



A 



B 



such that 4>f = f where 4> is onto. 



Example 2.2 If P is an X — projetive(X — injective) module, then 
P : ... — > — > P — > P — > — > — > ... is an X —projective(X — 
injective) complex. Also the finite direct sum of X — projective{X — 
injective) complexes is again X — projective(X — injective). 

Note that if P is an X -injective(X -projective) module and P is 
not in the class X , then P is an X -injective complex, but not an X- 
complex. So X -injective complex may not be an X -complex. 



Proof Consider the following diagram; 
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where g : C — > C — > is an epic morphism such that Kerg € X 
and / : P — > C is a morphism and d, d' are differentials of C, C, 
respectively. Since P is an X — projective module, there exists a 
morphism h k : P — > C k with g k h k = f k . 

Define h k -i : P — > C fe _i with = <4/i fc . Then g k -ih k -i = 
fk-i- Thus we have a chain map h : P — > C, as required. Dually, 
we can prove that if P is an X — infective module, then P is an 
X — infective complex. □ 

Definition 2.3 (DG (X -injective) and DG (X -projective) complexes) 
Let e be the class of exact complexes. A complex I is called DG(X- 
injective), if each I n is X -injective and Hom(E, I) is exact for all 
E G e where d n : E n — ► E n+1 with Kerd n £ X. 

A complex I is called DG(X — projective), if each I n is X — 
projective and 7iom(I,E) is exact for all E G e where d n : E n — > 
E n+1 with Kerd n G X . 
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3 6 

Lemma 2.4 Let A B —> C be an exact sequence where KerO € 
X . Then for all X — -projective complex I, 

Hom(I, A) — > Hom(I, B) — > Hom(I, C) 

is exact. 

Proof — > KerO — )■ B —> C is exact, so 

— > Hom(I, KerO) — > Hom(I, B) — > ffom(/, C) 

is exact. 

We have the following commutative diagram; 

A — ^— Imp 
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f ■. 



such that (3f = g. 

Since I is Af-projective and KerO G X. 

Therefore, Hom(I,A) — > Hom(I,B) — > Hom(I,C) is exact. □ 

Dually we can give the following lemma; 

Lemma 2.5 Let A — > B —> C be an exact sequence where j^-q G 
X . Then for all X — injective complex I, 

Hom(C, I) — > Hom(B, I) — ► Hom(A, I) 

is exact. 
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Proof It is clear from Lemma 12.41 



□ 



Example 2.6 (DG(X — injective) (DG(X — projective))) Let I = 
.... — > — > 1° — > — > — ► ... where 1° is an X -injective (X — 
projective) module. Then I is DG(X— injective) (DG(X— projective)) 
complex. 

Proof Let 

. v fl-l dr\ fiO gl fi2 ^3 y 

is exact and Kerd n € X, then 

Uom(E,I) ^ ... — ► Hom{E 2 ,I°) — > ffomfE 1 ,/ ) — > Hom(E°,I°) 
By Lemma 12.41 TiomiE, I) is exact. □ 

Lemma 2.7 If a complex X : . . . — > X n+ \ — > X n — > X n -\ — > . . . 
is an X — injective(X — projective) complex, then for all n € Z X n 
is an X — injective(X — projective) module. 

Proof Let — ► N M and § 6 X and a : N -> X n be linear 
form the pushout; 
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N 



M 



X n ®M 
A 



where A = {(a(n), —i(n)) : n G N}. 
By the following diagram; 







X 



n+l 



x, 



n+l 



X r , 



M @X ri 
A 



M 
TV 







X 



n-1 



X, 



n-1 







>-n+2 t ^-n+1 * — 

S: ... -^0^0^ — ►().... 







We have the exact sequence — > X — > T — > S — > where 
T : ... — > X n+2 — > ^n+i — ► — ► Xn_i ... and 



Since X is a A' — injective complex, Ext 1 (S, X) = 0, and so 

-> Hom(S,X) -> Hom(T,X) -»• Hom(X,X) -»• Ext 1 {S,X) = 
0. Therefore there exists (3 n : T n = M ®/ n — ► X„ such that /3„6»„ = 1. 
So 
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(3 n 6 n {a(n)) = a(n) 
(3 n (( y a(n),0) + A) = a(n) 
P n ((0,i)+A) = a(n) 
I3 n ln i{n) = a(n) 

And hence /3 n ~/ n i = a. So X n is a X — injective module. □ 

Remark 2.8 Let X : ... — s- X n+ i — > X n — )■ X n _i — » ... be a complex 
such that X n are X — injective(X —projective) modules for all n € Z. 
It need not to be that X is an X — injective(X — projective) complex. 

Let R be an injective module and f : R — > R be a 1 — 1 morphism. 
Then we can find g ^ and g : R — > R such that gf = 0. We have 
the following diagram; 

... . R — - R - 

(/,o) i 
(i,o) * 

- R®S R - 
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... R ••• 

Then g(i, 0) ^ 0. So R cannot be an X — injective complex. 



Dually, we can give an example for X — projective. 
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Definition 2.9 Let e be the class of exact complexes. Then we can 
define £\ such that E\ is the class of exact complexes whose kernels are 
in X. 

Lemma 2.10 Let L be an X ' -projective(injective) module. Then L_ is 
in £] L (- L £:i). 

Proof Let 



be a projective resolution of I. 

Then Hom{E,L l ) 4 Hom(E, L 2 ) A Hom(E, L 3 ) where E : ... 
E- 2 E" 1 E° -»• E 1 -> ... 

Ext l {EJ) =? 

ci~ 2 d" 1 

£ : ... £T 3 E~ 2 E^ 1 E° ► 

L 2 : ... - 1° - 1° - ► 

l 

7 3 . _ _ . jO . jO . o . o . 
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where A2 2 u 2 = 0, since A2 z = 1, then u 1 = and also since 
u~ 2 = u~ 1 d~ 2 , then = u~ l d~ 2 . 



E 



E 



-3 



-2 



/- 1 



f° 



I : ... 



where fd~ l = f' 1 and /^(T 2 = 0. 

Since Kerd^ 1 A E^ 1 d —> E° is exact and 1° is AMnjective, then 
Hom(E°,I°) (d 4 r HomiE- 1 ,! ) 4 HomiKerd" 1 , 1°) is exact. 

□ 

Corollary 2.11 Let J = ... ->• ->• J„ ->■ J n _i ->•...->• J ->• ->• ... 

where 1\ is an X ' —projective(injective) module, then I is in £1 ( £1). 

Proof Since ex is extension closed, by Lemma I2.1UI we can under- 
stand that I is in s% . □ 

Corollary 2.12 Every left(right) bounded complex I where Ii is an 
X — projective(injective) module is in e\ ( £1). 
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Lemma 2.13 IflEej^, then each I n is X — injective for each nEZ. 

Proof Let S C M be a submodule of a module M with 4£ € # and 
a : S 1 — >■ 7 n be linear form the pushout; 



M 



A 



where A = {(ct(s), —s) : s € S}. Thus «2 is one-to-one the same as 
i. Then" 
complex. 



i. Then I : ... — ► 7 n_1 — >F%M — s> I n+1 — ► /™ +2 — ► ... is a 







m- 1 



jn— 1 



/ n / n 05 M 







M 







m+l 



jn+l 



M 
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Therefore, we have an exact sequence — > I — > I — > E — > 
where E : ... — > § — > § — > — > — > — > ... and so 
we have an exact sequence — > Hom(E, I) — > Hom(I, I) — > 
Hom(I,I) — > Ext'(E,I) = since I G e^. 

This implies that we can find / : I — > I with ff = l. Therefore, 
there exists a function /" : I n ©5 M — > I n with /"/" = 1. So, 

r />(*)) = 
7 n ((a( S ),0)+^) = a( S ) 

r((0,a) + A) = a( a ) 
f n hi{s) = a(s) 
and hence / n ii? = a and thus each I n £ X — injective. 

□ 



Lemma 2.14 Let f : X — > Y be a morphism of complexes. Then 
the exact sequence — > Y — > M(f) — > — > associated with 
the mapping cone M( f) splits in C{X) if and only if f is homotopic to 
0. 

Proof It follows from the proof by [3] . □ 



Lemma 2.15 Let X and L are complexes. If Ext 1 ^, L[n}) 
all n G Z, then T-Lom(X, I) is exact. 
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= for 



Proof Since Ext 



(X,I(n)) = 0, if / : -X"[— 1] — > I[n] is a morphism, 



then ->■ I[n] ->■ M(f) ->■ X -> splits. 



By I2,14[ / : X[— 1] — > J[n] is nomotopic to zero for all n. 
So J 1 : X — > I[n + 1] is homotopic to zero for all n £ Z. Thus 
%om(X, I) is exact. □ 



Corollary 2.16 £i ( £i) C DG{X — projective(injective)). 



Proof It follows from Lemma 2.13 and 2.15. 



□ 



Corollary 2.17 Every left(right) bounded complex I where Ii is an 
X—projective(injective) module is in DG{X—projective{injective)). 

Proof We can understand by Corollary 2.12 and Corollary 1.16. □ 

Lemma 2.18 Let X be extension closed and let I be a DG(X ' -injective) (DG(X ')- 
projective) complexfproj G X?). Then Ext 1 (E, I[n\) = for alln S Z 
where E is exact and Ker\\ E X with X n : E n — > E n _\. 

Proof Let ... — > P2 P\ Pq E — > be a projective 
resolution of E. Then we have 



Hom(P ,I) 




Hom(P 1: I) 




Hom{P 2 ,I) 



Let & G Kerf 2 *. Is p G Jm/i*? 



Since P2 
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P n is exact and E n G X and I n is X - 



injective by Lemma 2.6 
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Hom{P n ,r) ^ iJom(Pi n ,/ n ) Hom(P 2 n ,I n ) 

is exact. 

f 2 *P = implies that (3f 2 = 

/3 n / 2 n = 

, for all n € Z 

/ 2 */? n = 
/3 n € Ker/ 2 * = Jm/i* 
3<9 n € Hom(P ,I n ) 

such that 

Is a chain map? 

We know that T-Lom(E, I) is exact, 

(i) Is T-Lom(Po, I) exact?(where / is X — injective and Po — > E 
and E n G AT) 

(ii) Let Hom(P ,I) be exact. We have 6 n : P n — > I n . Is it nc 
sary 6 is a chain map? 

15 



yn-1 A 



rn— 1 



pn+1 



pn-1 A p" pn+1 
M) 



s "+l 



7 n 



jn+1 



rn+2 



where = ^"A™" 1 - 7 «- 1 6» n " 1 and i n = 6 n+1 \ n - 7 n # n 
Since %om(Po>-fM) is exact, we have a homotopy such that 

s n+l X n + 7 « g n = fln+lyi _ y^n 

1 n {s n + e n ) = {e n+1 + s n+l )\ n 

So we have a chain map. But we investigate a chain map such that 
. How can we do? 



□ 
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Lemma 2.19 Let f : X — > Y a chain morphism, Y is an X complex 
and X is an X — projective complex. Then f is a homotopic to zero. 

Proof Let id : Y — > Y and the exact sequence — > Y[— 1] — > 
M(id)[-1] — ► Y — »■ 0. 

Since X is an X — projective complex, we have the following com- 
mutative diagram; 

M(id)[-1] Y 

i 

: 9 
X 

where irg = f. Let -it' : M(id)[—1] — > Y[—l] be a projection. Then if 
we take an s = ir'g, then for all n£Z, s n+1 A n + 7 n_1 s n = f n where A 
and 7 are boundary maps of the complexes of X and Y, respectively. 
So / is homotopic to zero. □ 

Lemma 2.20 Let f : X — > Y be a chain morphism, X is an X — 
complex and Y is an X — injective complex. Then f is homotopic to 
zero. 

Proof Let id : X — > X, then we have the following exact sequence; 

X M(id) X[l] ~ 

/ 

• 9 

>' 

Y 
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where gi = f. 

Let i' : X[l] — > M(id) and s : X[l] — > Y such that s = gi' with 



s n = 9 n - l i'- 



,.n-2 

ffi J""' V"' - ■'■ 



x n - 1 ®x n 



Y 



n-2 



Y 



n-1 



9 r ' 



n+l 



□ 



Proposition 2.21 Let C — )■ X and C — > X be X — projective 
covers of X E X , then C and C are homotopic. 

Proof It follows from [JJ. □ 



Lemma 2.22 Let X : ... — > X2 — > X\ — > Xq — > be an exact 
and P be a complex with for all n > 0, P n X — projective module, 
then f : P — > X is a homotopy. 

Proof It follows from [3J. □ 



Lemma 2.23 Let every R-module has an onto X -projective X pre- 
cover with kernel in X . Then every bounded complex has an C(X — 
projective) precover. 
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Proof Let Y(n) : ... -> -»• y° -> Y 1 -> ... -> Y n -> -> .... 

We will use induction on n. Let n = 0, then we have the following 
commutative diagram; 



D(0) : ... p° p° 

f° 

Y(0) : ... - - Y° - - 



where £>(0) is exact and Ker(D(0) -»• Y(0)) G AT. 

Let n = 1, then we have the following commutative diagram; 



D(l) : ... 



A? 



f° 



(O,/ 1 ) 



Y(l) : ... 



where D(l) is exact and Ker(D(l) ->• Y(l)) G A. 
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We also have the following commutative diagram; 



f° 



Y l 



Xi(x) = (x, s°(x)) and X 1 (x, y) = s°(x) — y 



We assume that the following diagram which is commutative; 



D(n) : ...0 



p o — p o pi ^_ 



pn-l e pn 



pn 



f° 



(O,/ 1 ) 



(0,/™) 



Y{n) : ...0 



Y 1 



yr. 



where D(n) is exact and Ker(D(n) — > Y(n)) € X. 

And we also have the following commutative diagrams; 
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Y{n) Y n+l 



So, 

D(n) : ...0 - pO — ^—^ p° © p 1 ^-^ - A "" 1 . p^ 1 © 

P"+i : ...0 ••• p n +! 



where s 2 \ n = s 1 and s 1 X n 1 = 0. 



jn— 1 ^t, r>n 



(o,r) 



yr. 



pn+1 



where / n+ V = a n (0,/ n ). 
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Y 



n+l 



where f n+1 s 2 = 0. 



D(n + 1) : ...0 



p°eP 1 . 



(O,/ 1 ) 



pn-1 pn 



Y(n + 1) : ...0 Y c 



where D(n + 1) is exact and Ker{D(n + 1) — > Y(n + 1)) £ A", 
A?(x,y) = (A n (x,y),s 1 (x,y)), A n+1 (x,y) = s 2 (x) - y. 
Therefore, Y(n) has an C(A')-projective precover. 

□ 

Lemma 2.24 Let every R-module has an epic X '-injective X preen- 
velope with cokernel in X . Then every bounded complex has anC(X — 
injective) preenvelope. 

Proof Let Y(n) : ... -> -»• Y° -> Y 1 -> ... -> Y n -> -> .... 
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We will use induction on n. Let n = 0, then we have the followin 
commutative diagram; 



y(0) : ... Y° 



E(0) : ... - - E E - 



where E(0) is exact and cokernel in X. 

Let n = 1, then we have the following commutative diagram; 



Y(l) : ...0 - 



Ol 



£(1) : ...0 



(A.0) 



E\ »- E\ £"o *- Eq 




where E(l) is exact and cokernel in X. 
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We also have the following commutative diagram; 

Yl Xo 

E\ *- Eq 

where E\ A Eq such that foai = Xf\. 

\ 2 (x) = (x, -f(x)) and Ai(x, y) = f(x) + y. 

We assume that the following diagram which is commutative; 



Y (n) : ...0 Y n * ^ Y 

(/n,0) ./ 

E( n ) : ...0 E n — E n ®E n . x - E 



where E(n) is exact and cokernel in X . 

And we have the following commutative diagram; 
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y(n + 1) : ...0 



E(n + 1) : ...0 



E 



n+l 



On + l 



(/n+1,0) 



E n+ i © .E n 



An 



(/n,0) 



E n © E n -\... 



Y 



f° 



En 



where E{n + 1) is exact and cokernel in X . 

We also have the following commutative diagrams; 



n+l 



E 



n+l 



Y(n) 



E(n) 



a„+i 

* n+l y n 



(/n,0) 



E n +\ *■ E n © E n -i 



where (f n ,0)a n+1 = s n+1 f n+1 . 
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E n +i 
1 



En 



E n +\ E n © E,, 



n-l 



where A*t„+i = s n+ il. 

Then, X n+1 (x) = (x , - f n+1 (x)) , X n (x, y) = s n+1 (x) + A*(y). 
Therefore, Y(n) has an C(A')-injective preenvelope. 

□ 

Lemma 2.25 Let X be an X — injective complex and x € X (or 
Y £ X) where E(X) is an injective envelope of X . Then X = E(X) 
and so it is an exact complex. (X is a direct summand of Y). 

Proof We know that every complex has an injective envelope, so X 
has an injective envelope E(X). Then E{X) is a injective complex, 
and so it is exact. We have the following commutative diagram; 

X — E{X) 



X 

such that (pi = id x . Therefore X is a direct summand of E(X). So 
X is an injective complex and hence it is exact. Similarly, if ^ € X, 
then we can prove that X is a direct summand of Y. □ 
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Theorem 2.26 Let X be a class under extensions, quotients and di- 
rect limits, then every complex B has an X — injective envelope. 



Proof We know that B has an injective envelope E. Let S = {A : 
B C A C E and ^ is an X — complex} ^ 0. Let S' be an ascending 
chain. Then — ^ — - = Ujv ie g/-gfc- = Hm^fc is in the class X. So 
S has a maximal element, say T. We shall prove that T is an — 
injective complex. It is enough to show that any exact sequence 
— > T — > Y — > C — > with C £ A'-complex is split. We have 
the following commutative diagram; 



Y 



C 



E{T) 



E(T) 



Let /3(C) = y- So by y = -g-, we say that ^ is an X — complex. 

~B 

Since T is a maximal element of S, (3(C) = 0, and hence ira(Y) = 
a(Y T +T = 0, and so a(Y) C T. Therefore — >• T ^Y — ^ 
is split exact and hence T is an X — injective complex. Moreover T 
is an X — injective preenvelope of B by the following diagram; 
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B T 



Y 

where Y is an X — injective complex and G X and also if, 

- B — T 

a 

>' 

T 

where /3a = a, then j3 is 1 — 1 since -B C ess T, and so /3(T) = T. 
If /3(T) / T, then /3(T) is an X — injective complex such that B C 
P(T) CT QE. So we have — > T -A T — > ^ — > split exact 
sequence and /3(T) C ess T, so (3(T) = T. □ 



Theorem 2.27 X is essentially contained in a minimial X— injective 
complex X' with X C ess X' . 

Proof We know that every complex has an injective envelope. Let 
S = {A : X C. A C. E and AX — injective complex} ^ and S' be 
a descending chain of S. We will show that ru a eS'{A* : a € /} is 
an X — injective complex. Using this pushout diagram we have the 
following diagram where C with X — complex, 
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Y 



c 



c 



Then the bottom row is split exact. So — > ^A a — > CiB a 
C — > is split exact. We have the following diagram; 







Y 



C 



nA a nB a 



c 



By five lemma 4> is an isomorphism. So — > PiA a — > Y — > C — > 
is split exact. So S has a minimal element, say X' . □ 
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